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SADDLE SURFACES IN SINGULAR SPACES

DIMITRIOS E. KALIKAKIS

Abstract. The notion of a saddle surface is well known in Euclidean space.
In this work we extend the idea of a saddle surface to geodesically connected
metric spaces. We prove that any solution of the Dirichlet problem for the
Sobolev energy in a nonpositively curved space is a saddle surface. Further,
we show that the space of saddle surfaces in a nonpositively curved space is
a complete space in the Fréchet distance. We also prove a compactness theo-
rem for saddle surfaces in spaces of curvature bounded from above; in spaces
of constant curvature we obtain a stronger result based on an isoperimetric
inequality for a saddle surface. These results generalize difficult theorems of
S.Z. Shefel′ on compactness of saddle surfaces in a Euclidean space.

1. Introduction

A surface in a Euclidean space is said to be a saddle surface if it is impossible
to cut off a crust by any hyperplane. In this sense saddle surfaces are opposed
to convex surfaces. In contrast to the theory of convex surfaces, the results in the
theory of saddle surfaces are in many respects far from complete. Non-regular saddle
surfaces in En were mainly studied by S.Z. Shefel′ ([19], [20], [21]). Historically,
saddle surfaces are connected with the Plateau problem in Euclidean spaces ([14]).

In this work we extend the idea of a saddle surface to geodesically connected met-
ric spaces and we study the class of saddle surfaces in spaces of curvature bounded
from above in the sense of A.D. Aleksandrov. Spaces of bounded curvature inherit
basic properties of Riemannian manifolds while they can have strong topological
and metric singularities.

Saddle surfaces in a Euclidean space are usually defined by means of the op-
eration of cutting off crusts by hyperplanes, or any other equivalent operation of
hyperplanes ([21]). Therefore, a generalization of the classical definition to any
metric space is not quite obvious. The definition we propose here for a saddle sur-
face in a general geodesically connected metric space (Definition 3) makes use of
the concept of convex hull and goes back to a property that a regular solution of
the Plateau problem satisfies ([17], Lemma 7.1).

First, in Section 2, we recall what it means for a metric space to be of curvature
bounded from above and we give the definition and some first examples of saddle
surfaces in such spaces.
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In Section 3 we provide a source of examples of saddle surfaces in nonpositively
curved spaces. We show that an energy minimizing surface in a complete nonposi-
tively curved metric space is a saddle surface (Theorem 6). An energy minimizing
surface is a Sobolev mapping with given trace which is stationary (among the
mappings having the same trace) for the Sobolev energy. We note here that non-
regular area minimizing surfaces are not in general saddle surfaces. There are many
examples of non-Riemannian spaces which are nonpositively curved, e.g. trees, Eu-
clidean buildings, Hilbert spaces, and other infinite dimensional symmetric spaces
([4], [10]).

In Section 4 we show that in a nonpositively curved space the notion of a saddle
surface is well defined for a general Fréchet surface (Proposition 12 ), and we prove
that the space of saddle surfaces is complete in the Fréchet distance (Theorem 16).

A condition for compactness of a family of saddle surfaces in a compact space
of bounded curvature, which assumes restrictions on area and lengths of bounding
curves, is given in Section 5 (Theorem 17). In spaces of constant curvature we
show that an isoperimetric inequality for the class of saddle surfaces (Theorem 21)
reduces compactness of a family of saddle surfaces to the compactness of the set of
bounding curves (Theorem 23). These results generalize difficult theorems of S.Z.
Shefel′ on compactness of saddle surfaces in a Euclidean space ([21]).

2. Saddle surfaces in metric spaces of curvature bounded
from above by κ

2.1. Domain Rκ. A notion of curvature of metric spaces can be defined by com-
paring triangles in a metric space with the corresponding model triangles in the
κ-plane with sides of the same length. The definition is due to A.D. Aleksandrov
and the curvature is usually referred to as the curvature in the sense of A.D. Alek-
sandrov. Aleksandrov’s spaces are a natural generalization of Riemannian manifolds
but they are of a much more general nature. For more details, see [5].

The n-dimensional κ-space Sn
κ (κ-plane for n = 2) is the hyperbolic space Hn

κ

for κ < 0, the Euclidean space En for κ = 0, and the upper open hemisphere
Sn

+

(
κ−1/2

)
of En+1 of radius κ−1/2 with the induced metric, when κ > 0. Every

Sn
κ is a Riemannian simply connected manifold of constant sectional curvature κ

such that any pair of points can be joined by a unique geodesic segment—a curve
of minimal length joining given pair of points. Notice that Sn

κ is a complete space
only if κ ≤ 0.

An Rκ domain, abbreviated by Rκ, is a metric space satisfying the following
axioms:

Axiom 1: Any two points in Rκ can be joined by a geodesic segment.
Axiom 2: If κ > 0, then the perimeter of each triangle in Rκ is less than 2π√

κ
.

Axiom 3: Each triangle in Rκ has nonpositive κ-excess; that is, for the angles
α, β, γ of a triangle ABC,

α + β + γ − (ακ + βκ + γκ) ≤ 0,

where ακ, βκ, γκ are the corresponding angles of a triangle AκBκCκ on the κ-plane
with sides of the same length as ABC

Another term for an Rκ domain is a CAT (κ) space. However, we will use Alek-
sandrov’s original notation ([1]). It is evident that any κ-space is an Rκ domain.
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A space of curvature bounded from above by κ in the sense of A.D. Aleksandrov
is a metric space with intrinsic metric, each point of which is contained in some
neighborhood of the original space, which is an Rκ domain.

We mention that any two points of Rκ are joined by a unique geodesic segment,
and any ball (of radius less than π

2
√

κ
, if κ > 0) in an Rκ domain is convex; that is,

the geodesic segment joining any two points of the ball is still in the ball.
Finally, recall that a metric space with intrinsic metric is called geodesically

connected if every pair of points can be joined by a geodesic segment.

2.2. Saddle surfaces. Let M be a geodesically connected metric space with in-
trinsic metric. A surface f in M is any continuous mapping f : D → M , where D
denotes the closed unit disk on the plane.

In the Euclidean space En we say that a hyperplane P cuts off a crust from
the surface f if among the connected components of f−1(f(D) � P ) there is one
with positive distance from the boundary of D. If U is such a component, then the
set f(U) is called a crust. A surface f in En is said to be a saddle surface if it is
impossible to cut off a crust from it by any hyperplane.

We extend the idea of a saddle surface to any geodesically connected metric
space by making use of the concept of convex hull. Let A be a subset of M .

Definition 1. The convex hull of A, denoted by conv(A), is defined to be the
closure of the union of all sets G(n)(A), with G(0)(A) = A, G(1)(A) the union of
all geodesic segments between points of A, and G(n)(A) = G(1)(G(n−1)(A)) for any
n > 1.

Remark 2. It follows directly from Definition 1 that if x ∈ G(n)(A) for some non-
negative integer n, then there exist finitely many points a1, ..., am ∈ A such that
x ∈ G(n)({a1, ..., am}).

Notice that convex hull is always a closed set. In fact, in any Rκ domain,
conv(A) is the smallest closed convex subset containing A. Convex hull has special
properties in nonpositively curved spaces.

We mention that if γ is a Jordan plane curve, then E2 � γ has exactly two
connected components. We denote by intγ the bounded component and by extγ
the unbounded one.

Definition 3. A surface f in a metric space M is said to be a saddle surface if

f(intγ) ⊂ conv(f(γ))

for every Jordan curve γ ⊂ D having positive distance from the unit circle.

Notice that saddle surfaces are, by definition, compact surfaces. Theorem 4
below shows the equivalence of Definition 3 with the classical one in the case of a
Euclidean space.

Theorem 4 ([11]). If f is a surface in En, then the following are equivalent:
a) It is impossible to cut off a crust from f by any hyperplane.
b) f(intγ) ⊂ conv(f(γ)) for every Jordan curve γ ⊂ D which has a positive

distance from the unit circle.

Examples. 1) Any regular surface in S3
κ with curvature not greater than κ is a

saddle surface. Notice that non-regular surfaces in S3
κ with intrinsic curvature not

greater than κ are not necessarily saddle surfaces ([12]).
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2) Any ruled surface in an Rκ domain is a saddle surface. The definition of a
ruled surface in an Rκ domain is the following. Let L be a closed curve in an Rκ

domain (whose length, when κ > 0, is less than 2π√
κ
), let C be the unit circle, and let

f : C → Rκ be a parametrization of L. Let O be an arbitrary point on C. Consider
the surface whose parametrization f is specified as follows: for any X ∈ D, lying
on the line segment OY , Y ∈ C, f(X) lies on the geodesic segment O

′
Y

′
, where

O
′
= f(O), Y

′
= f(Y ) and O′f(X) : O

′
Y

′
= OX : OY. Because of the condition

on the length of the curve L, O
′
Y

′
depends continuously on Y

′ ∈ L and f is a
parametrized surface. In this case we say that we have a ruled surface with vertex
O

′
spanned on L. Based on this definition it is clear that if O is a point on the

unit circle C and f : D → Rκ is a ruled surface with vertex O
′

= f(O) spanned
on f(C), then for any Jordan curve γ in D having positive distance from the unit
circle, f(intγ) is a subset of G(1) (f(γ)). Therefore, f(intγ) ⊂ conv(f(γ)).

3) It is not difficult to see that saddle surfaces are preserved under the action
of any continuous geodesic mapping. Since the inclusion mapping id : Hn

κ → En,
where Hn

κ is interpreted by the Beltrami-Klein model of the hyperbolic space, and
the central projection ϕ : Sn

+

(
κ−1/2

) → En are continuous geodesic mappings, we
obtain the following characterization for saddle surfaces in Sn

κ: (i) a surface in Hn
κ

is a saddle surface if and only if it is a saddle surfaces in En, and (ii) a surface in
Sn

+

(
κ−1/2

)
is a saddle surface if and only if its image under the central projection

is a saddle surface in En.

3. Energy minimizing surfaces

An energy minimizing surface is an extremal of the energy functional with pre-
scribed boundary condition. The energy of a mapping in a metric space was origi-
nally introduced by N. Korevaar and R. Shoen in [13] and independently by J. Jost
in [9] in connection with the Dirichlet problem in nonpositively curved spaces. We
recall what energy means in an R0 domain and then we prove that every energy
minimizing surface in a complete R0 domain is a saddle surface (Theorem 6). In
what follows D is the unit closed disk in the Euclidean plane, Dε is the set of points
in D with dist (x, ∂D) ≥ ε, and D(x, ε) denotes the closed disk of radius ε centered
at x.

The class L2(D, R0) is defined to be the set of all Borel-measurable surfaces
f : D −→ R0 having separable range such that

∫
D d2(f(x), Q)dx < +∞, for some

point Q ∈ R0. If ξ : D −→ [0, 1] is a continuous function compactly supported
in the interior of D (notation: ξ ∈ C0(D)), then the Sobolev class W 1

2(D, R0) is
defined as the class of surfaces in L2(D, R0) with finite energy Ef ; where

Ef = sup
ξ∈C0(D);0≤ξ≤1

lim
ε→0

∫
x∈Dε

ξ(x) ·


 ∫

y∈B(x,ε)

d2 (f(x), f(y))
ε4

dy


 dx.

The set of C∞-smooth functions h : D −→ R which are compactly supported in
the interior of D is denoted by C∞

0 (D). We define the class Ŵ 1
2 (D, R) as the comple-

tion of the set C∞
0 (D) with respect to the W 1

2-norm. Let f, g ∈ W 1
2 (D, R0). We say

that the surfaces f and g have the same trace if the function h(x) = d (f(x), g(x))
is in the class Ŵ 1

p (D, R). Let ϕ ∈ W 1
2 (D, R0). Denote by W 1

2(D, R0, ϕ) the set of
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surfaces f ∈W 1
2(D, R0) such that f has the same trace as ϕ. Let

D(ϕ) = inf
f∈W 1

2 (D,R0,ϕ)
Ef .

A surface in the class W 1
2(D, R0, ϕ) whose energy is equal to D(ϕ) is called an

energy minimizing surface. The solution of the Dirichlet problem in nonpositively
curved spaces is provided by the following theorem.

Theorem 5 ([9], [13]). Let ϕ ∈W1
2(D, R0) be a surface in a complete R0 domain.

Then there exists a unique surface f ∈W1
2(D, R0, ϕ) with energy Ef equal to D(ϕ).

Moreover, f is locally Lipschitz continuous in the interior of D.

Theorem 6 is a source of examples for saddle surfaces in nonpositively curved
spaces.

Theorem 6. Every energy minimizing surface in a complete R0 domain is a saddle
surface.

The proof of Theorem 6 is based on Lemma 11 which is a refinement of the
Definition 3, and on a lemma of H. Busemann and W. Feller. Lemma 11 enable us
to handle the definition of saddle surface using Jordan plane curves of zero Lebesgue
measure. We need some extra terminology and lemmas.

Definition 7 (Similar points). Let {x1, ..., xk} and {y1, ..., yk} be two finite ordered
sets in some geodesically connected metric space M . Two points x ∈ {x1, ..., xk}
and y ∈ {y1, ..., yk} are called similar if there is some i0 ∈ {1, ..., k} such that
x = xi0 and y = yi0 . Generally, two points x ∈ G(n) ({x1, ..., xk}) and y ∈
G(n) ({y1, ..., yk}) are called similar if there are points x′, x′′ ∈ G(n−1) ({x1, ..., xk}),
and y′, y′′ ∈ G(n−1) ({y1, ..., yk}) and some number t = t(x, y, n) ∈ [0, 1] such that:
(i) x lies on the geodesic segment joining x′ to x′′, and y lies on the geodesic seg-
ment joining y′ to y′′, (ii) x′x = t · x′x′′, and y′y = t · y′y′′, and (iii) x′ is similar to
y′, and x′′ is similar to y′′.

Lemma 8. Let {x1, ..., xk} and {y1, ..., yk} be two finite ordered sets of points
in an R0 domain, and let x ∈ G(n) ({x1, ..., xk}) for some positive integer n. If
y ∈ G(n) ({y1, ..., yk}) is a point similar to x, then the following inequality holds:

(1) d (x, y) ≤ max
i=1,...,k

d (xi, yi) .

Proof. We need the following lemma due to Yu.G. Reshetnyak.

Lemma 9 ([18]). Let {P, Q, R, S} be a quadruple of distinct points in an R0 do-
main. For t ∈ [0, 1], define Pt ∈ PS , Qt ∈ QR by

PPt = t · PS and QQt = t · QR.

Then for any t ∈ [0, 1] the following inequality holds: (PtQt)2 ≤ (1 − t) · PQ2 + t ·
RS2 − t(1 − t) · (SP − QR)2.

If n = 0, then (1) holds as an equality. Suppose that (1) holds for the nonnegative
integer n − 1. Let x ∈ G(n) ({x1, ..., xk}) and y ∈ G(n) ({y1, ..., yk}) such that x is
similar to y. Then there are points x′, x′′ ∈ G(n−1) ({x1, ..., xk}), and y′, y′′ ∈
G(n−1) ({y1, ..., yk}) and some number t ∈ [0, 1] satisfying the conditions (i), (ii),
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and (iii) of Definition 7. Then, by Lemma 9,

d (x, y) ≤√(1 − t) · d2(x′, y′) + t · d2 (x′′, y′′) ≤ max {d(x′, y′), d (x′′, y′′)}
≤ maxi=1,...,k d (xi, yi) ,

where the last inequality is based on the inductive assumption. �

Lemma 10. Let {γn : n ∈ N}, and let γ be parametrized Jordan curves in an R0

domain such that limn→∞ γn = γ uniformly. Then for any sequence {xn : n ∈ N}
with xn ∈ conv (γn) there is a sequence {yn : n ∈ N} ⊆ conv (γ) such that

d (xn, yn) ≤ αn, for all n ∈ N

with limn→∞ αn = 0.

Proof. Let n be fixed and xn ∈ conv (γn) . Suppose xn ∈ G(k) (γn) , for some k ∈ N.
Then, by Remark 2, there are points t1, t2, ..., tm on the unit circle S1 such that
xn ∈ conv {γn(t1), ..., γn(tm)}. Consider the points γ(t1), ..., γ(tm) on the curve
γ and define the point yn ∈ conv {γ(t1), ..., γ(tm)} to be similar to the point xn,
according to Definition 7. Then, by Lemma 8,

d (xn, yn) ≤ max
i=1...m

d (γn (ti) , γ (ti)) ≤ sup
t∈S1

d (γn (t) , γ (t)) .

Taking αn = supt∈S1 d (γn (t) , γ (t)) , we have d (xn, yn) ≤ αn for all n ∈ N and
limn→∞ αn = 0.

Suppose xn belongs in the closure of the union of all G(k) (γn) , k ∈ N. Then
choose a point zn in some G(k) (γn) so that d (zn, xn) ≤ supt∈S1 d (γn (t) , γ (t)) .
For this zn there is a yn ∈ conv (γ) such that d (zn, yn) ≤ supt∈S1 d (γn (t) , γ (t)).
An application of the triangle inequality completes the proof. �

Lemma 11. Let f : D −→ R0 be a surface in an R0 domain. The following are
equivalent:

a) f is a saddle surface,
b) f (intγ) ⊆ conv (f (γ)) for every Jordan polygonal curve γ in D with positive

distance from the boundary of D.

Proof. The implication a)⇒b) is trivial. Let γ be a Jordan curve in D with
dist (γ, ∂D) > 0, and {γn : n ∈ N} be a sequence of Jordan polygonal curves in
D with dist (γn, ∂D) > 0 such that limn→∞ γn = γ uniformly. Then f(γn) uni-
formly converges to f(γ) since f is uniformly continuous on the compact set D.
Suppose, contrary to the claim, that f (intγ) is not a subset of conv (f (γ)) . Then
there is a point s ∈ intγ with x ≡ f (s) /∈ conv (f (γ)) . Let d > 0 be the dis-
tance of x from convf (γ) . Since s ∈ intγ and limn→∞ γn = γ uniformly, there
exists a positive integer N = N(s) = N (x) such that s ∈ intγn for all n ≥ N.
Therefore, x ≡ f (s) ∈ f (intγn) for all n ≥ N , and hence, x ∈ conv (f (γn))
for all n ≥ N, since f (intγn) ⊆ conv (f (γn)) . By Lemma 10, choose a sequence
{yn : n ∈ N} ⊆ conv (γ) so that d (x, yn) ≤ αn for all n ≥ N with limn→∞ αn = 0.
Then dist (x, convf (γ)) = 0. This is a contradiction. �

Proof of Theorem 6. Let f be an energy minimizing surface in a complete R0 do-
main. Then there is a mapping ϕ ∈W 1

2(D, R0) such that f is the unique solution
of the Dirichlet problem

D(ϕ) = inf
f∈W 1

2 (D,R0,ϕ)
Ef .
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Suppose that f is not a saddle surface. Then, by Lemma 11, there exists a Jordan,
polygonal curve γ in D such that dist (γ, ∂D) > 0 and f (intγ) is not a subset of
conv (f(γ)) . Consider the nearest point projection

π : R0 −→ conv (f(γ)) .

This is a well-defined mapping, since conv (f(γ)) is a closed, convex set in a metric
space of curvature bounded above by zero and, by a lemma of H. Busemann and
W. Feller ([15]), it is a non-expanding mapping; that is, d (π(P ), π(Q)) ≤ d (P, Q) ,
for all P, Q ∈ R0. Define g : D −→ R0 by

g(u) =
{

(π ◦ f)(u), if u ∈ (intγ) ∪ γ,

f(u), if u ∈ extγ.

Obviously, g (intγ) ⊆ conv (g(γ)) and g ∈ W 1
2 (D, R0, ϕ). We claim that Eg ≤

Ef . This inequality leads to a contradiction since, by uniqueness, g = f which
contradicts the hypothesis that f (intγ) is not a subset of conv (f(γ)) . The energy
of g is given by the formula

Eg = sup
ξ∈C0(D);0≤ξ≤1

lim
ε→0

∫
x∈Dε

ξ(x) ·


 ∫

y∈B(x,ε)

d2 (g(x), g(y))
ε4

dy


 dx.

For any sufficiently small ε > 0, we define Aε = {z ∈ Dε : dist (z, γ) ≤ ε} . Then for
any ε > 0, Dε is decomposed into the three disjoint components intγ \Aε, Aε, and
extγ∩Dε\Aε. By definition of g and Aε we have: (i) d (g(x), g(y)) ≤ d (f(x), f(y)) ,
if x ∈ intγ \ Aε, and y ∈ B(x, ε), and (ii) d (g(x), g(y)) = d (f(x), f(y)) , if x ∈
extγ ∩ Dε \ Aε, and y ∈ B(x, ε). On the other hand,

lim
ε→0

∫
x∈Aε

ξ(x) ·


 ∫

y∈B(x,ε)

d2 (g(x), g(y))
ε4

dy


 dx = 0,

since limε→0 µ (Aε) = µ(γ) = 0, where µ is the Lebesgue measure in E2. Therefore,
Eg ≤ Ef . The proof is complete. �

4. Completeness of the space of saddle surfaces

4.1. Fréchet equivalence. Given any two surfaces f1 : D → M and f2 : D →
M we say that f1 and f2 are Fréchet equivalent (notation f1 ∼ f2) if given
any positive number ε, there exists a homeomorphism hε : D → D such that
d(f1(x), f2(hε(x))) < ε, for all x ∈ D. It is known that ∼ is an equivalence relation
in the collection of surfaces. In addition, f1(D) = f2(D) whenever f1 ∼ f2. If f is a
surface the set of all surfaces f ′ with f ∼ f ′ is an equivalence class, denoted by [f ] ,
and is called a Fréchet surface; each element of [f ] is called a parametrization of
the Fréchet surface. From the geometric point of view it would be desirable to find
properties of saddle surfaces which are invariant under Fréchet equivalence. First
we prove that Definition 3 of a saddle surface makes sense for Fréchet surfaces in
nonpositively curved spaces.

Proposition 12. If f1 : D → R0 and f2 : D → R0 are Fréchet equivalent surfaces
in an R0 domain, and f2 is a saddle surface, then f1 is a saddle surface.
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We need the following technical lemma.

Lemma 13. Let K be a subset of an R0 domain, and let {zn : n ∈ N}be a sequence
of points in R0 such that zn ∈ conv

⋃
y∈K

B
(
y, 1

n

)
for all n ∈ N and limn→∞ zn = z

for some z ∈ R0. Then z ∈ conv(K).

Proof. The convex hull is by definition a closed set, so it suffices to prove that for any
zn ∈ conv

⋃
y∈K

B
(
y, 1

n

)
there is a point xn ∈ conv(K) such that d (zn, xn) ≤ 2

n . Let

n be fixed. Suppose zn ∈ G(k)

( ⋃
y∈K

B
(
y, 1

n

))
, for some positive integer k = k (n).

Then, by Remark 2, there are y1, ..., ym ∈ K and a1 ∈ B
(
y1,

1
n

)
, ..., am ∈ B

(
ym, 1

n

)
such that zn ∈ G(k) ({a1, ..., am}) . Choose the point xn ∈ G(k) ({y1, ..., ym}) ⊂
conv(K) to be similar to the point zn according to Definition 7. Then, by Lemma
8, we have d (zn, xn) ≤ maxi=1,...,m d(ai, yi) ≤ 1

n .

Suppose that zn belongs to the closure of the union of all G(k)

( ⋃
y∈K

B
(
y, 1

n

))
,

k ∈ N. Choose a point yn in some G(k)

( ⋃
y∈K

B
(
y, 1

n

))
such that d (yn, zn) ≤ 1

n ,

and a point xn ∈ conv(K) such that d (yn, xn) ≤ 1
n . The triangle inequality implies

the desired inequality. �

Proof of Proposition 12. Let ε > 0. Then there exists a homeomorphism hε : D →
D such that

(2) d(f1(x), f2(hε(x))) < ε , for all x ∈ D.

Let γ be a Jordan curve in D having positive distance from the unit circle, and
x ∈ intγ. Then hε(x) ∈ hε(intγ) = int(hε(γ)), and therefore,

(3) f2(hε(x)) ∈ f2(int(hε(γ))) ⊂ convf2(hε(γ))

since f2 is a saddle surface. Set zε ≡ f2(hε(x)). Then (2) and (3) imply f1(x) ∈
B(zε, ε), with zε ∈ convf2(hε(γ)). But f2(hε(γ)) ⊂ ⋃

y∈f1(γ)

B(y, ε), by (2). So

(4) f1(x) ∈ B(zε, ε) , with zε ∈ conv
⋃

y∈f1(γ)

B(y, ε).

Now taking ε = 1/n, we can assume, without loss of generality, that the sequence
z1/n ≡ f2(h1/n(x)) ∈ f2(D) converges to some point z, since f2(D) is a compact
set. Taking limits as n → ∞ in (4), and using Lemma 13, we have f1(x) = z and
z ∈ convf1(γ). Thus, f1(intγ) ⊂ convf1(γ). The proof is complete. �

4.2. The space of saddle surfaces. Let f1 : D → M and f2 : D → M be two
surfaces. The Fréchet distance F(f1, f2) of f1 and f2 is defined to be

F(f1, f2) = inf sup {d(f1(x), f2(h(x))) : x ∈ D} ,

where the infimum is taken over all possible homeomorphisms h : D → D. It
is known that F(f1, f2) = F(f

′
1, f

′
2) whenever f1 ∼ f

′
1 and f2 ∼ f ′

2, therefore
F([f1], [f2]) ≡ F(f1, f2) is a well-defined relation. F defines a metric on the set
of Fréchet surfaces which is called the Fréchet metric.
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Theorem 14. Saddle surfaces in an R0 domain form a closed set in the space of
surfaces with the Fréchet metric.

We need the following elementary lemma.

Lemma 15. Let {fn}n∈N be a sequence of surfaces in a metric space M which
converges to a surface f , in the Fréchet sense. Then every sequence of the form
{fn(xn)}n∈N

, with xn ∈ D, has a convergent subsequence. The limit point lies in
the graph of f .

Proof. Let n be fixed. Then there exists a positive integer N = N(n) such that
if m ≥ N(n), then F(fm, f) < 1

n . So, there exists a homeomorphism hn,m :
D → D such that d(fm(x), f(hn,m(x)) < 1

n , for all x ∈ D and m ≥ N(n). Let
{ln : n ∈ N} be an increasing sequence of positive integers such that ln ≥ N(n).
Then d(fln(x), f(hn,ln(x)) < 1

n , for all x ∈ D. The sequence {hn,ln(xln)}n∈N
has

a convergent subsequence
{
hkn,lkn

(xlkn
)
}

n∈N
since D is compact. Say limn→∞

hkn,lkn
(xlkn

) = a. By the triangle inequality, we have

d(flkn
(xlkn

), f(a)) ≤ d(flkn
(xlkn

), f(hkn,lkn
(xlkn

)) + d(f(hkn,lkn
(xlkn

), f(a))
≤ 1

kn
+ d(f(hkn,lkn

(xlkn
), f(a))

which approaches zero, as n → ∞, since f is continuous. �
Proof of Theorem 14. Let {fn}n∈N

be a sequence of saddle surfaces in an R0 do-
main converging to a surface f in the Fréchet sense, and let ε > 0. Then there
exists a positive integer n0 = n0(ε) such that F(fn, f) < ε, if n ≥ n0. Hence, there
exists a homeomorphism hε,n : D → D such that

(5) d(f(x), fn(hε,n(x))) < ε for all x ∈ D.

Let γ be a Jordan curve in D, having positive distance from the unit circle, and
x ∈ intγ. Then hε,n(x) ∈ hε,n(intγ) = int(hε,n(γ)), and therefore,

(6) fn(hε,n(x)) ∈ fn(int(hε,n(γ))) ⊂ convfn(hε,n(γ))

since fn is a saddle surface. Set zε,n ≡ fn(hε,n(x)). Then (5) and (6) imply f(x) ∈
B(zε,n, ε), with zε,n ∈ convfn(hε,n(γ)). But fn(hε,n(γ)) ⊂ ⋃

y∈f(γ)

B(y, ε), by (5).

Hence, f(x) ∈ B(zε,n, ε) with zε,n ∈ conv
⋃

y∈f(γ)

B(y, ε). Taking ε → 0, and choosing

a convergent subsequence of zε,n ≡ fn(hε,n(x)) , insured by Lemma 15, we have,
by Lemma 13, that f(x) ∈ convf(γ). The fact that x is an arbitrary point in intγ
yields f(intγ) ⊂ convf(γ). The proof is complete. �

It is known that the space of Fréchet surfaces is a complete metric space relative
to the Fréchet distance, so we obtain the following theorem.

Theorem 16. The space of saddle surfaces in an R0 domain is complete with
respect to the Fréchet metric.

5. Compactness theorem

The area of a surface in a general metric space was originally introduced by I.G.
Nikolaev in connection with the Plateau Problem ([15]). The following theorem pro-
vides a condition for compactness of a family of saddle surfaces in a compact space
of bounded curvature which assumes restrictions on area and lengths of bounding
curves.
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Theorem 17. Let {[fα]}α∈A be a family of saddle surfaces in a compact Rκ domain
with Jordan bounding curves. If the areas and the lengths of the bounding curves of
the surfaces of the given family are uniformly bounded, then {[fα]}α∈A is a relatively
compact subset of the space of surfaces with respect to the Fréchet metric.

To prove Theorem 17 we need the following lemmas.

Lemma 18 ([8]). Let L be a Jordan curve in a metric space. Then, for any ε > 0,
there exists τ (ε) > 0 such that if Q, Q′ is a pair of points on L at a distance not
exceeding τ (ε), the diameter of one of the two arcs of L determined by the points
Q and Q′ does not exceed ε.

A corollary of Lemma 18 is the following lemma.

Lemma 19 ([15]). Let there be given a sequence {Ln}n∈N
of Jordan curves in a

metric space which converges, in the Fréchet sense, to a Jordan curve L. Then, for
any ε > 0, there exists a τ (ε) > 0 such that if the distance between two points on
any of the curves Ln and L is less than τ (ε) , the diameter of one of the two arcs
into which these points divide the chosen curve is less than ε.

Fix a point x in the closed unit disk D of the Euclidean plane. Denote by Sr the
arc of the circle centered at x of radius r which is contained in D. Let f : D → Rκ

be a parametrized surface. Denote by �r the length of the curve f (Sr) in Rκ.
We say that the parametrized surface f satisfies Courant’s condition relative to a
constant C > 0 if for each x ∈ D and δ ∈ (0, 1) there exists a ρ ∈

[
δ,
√

δ
]

such that

�ρ ≤ C√
ln 1

δ

.

Lemma 20 ([15]). If the areas of a sequence {fn}n∈N
of parametrized surfaces in

a complete, locally compact Rκ domain are uniformly bounded, then each fn, n =
1, 2, ..., satisfies the Courant’s condition relative to a constant C > 0 independent
of n.

Proof of Theorem 17. It suffices to prove that each sequence {[fn]}n∈N
⊂ {[fα]}α∈A

is a relative compact set, or equivalently, by the Arzelá-Ascoli Theorem that: for
every ε > 0 there exists δ > 0 such that d (fn (x) , fn (y)) < ε, for all n ∈ N, provided
x, y ∈ D and |x − y| < δ. d is the metric of Rκ, and fn is any parametrization of
[fn].

Let ε > 0. For each n ∈ N let us fix a parametrization fn for the surface [fn].
Since the lengths of the bounding curves of {fn}n∈N

are uniformly bounded then, by
Hilbert’s Theorem, the sequence of these bounding curves is a relatively compact
set. So it has a convergent subsequence in the Fréchet sense. For the sake of
simplicity let us assume that the sequence of bounding curves converges. Let τ (ε)
be the uniform constant ensured by Lemma 19. Also, since the areas of the sequence
{fn}n∈N

are uniformly bounded, then by Lemma 20, each fn, n = 1, 2, ..., satisfies
Courant’s condition relative to a uniform constant C > 0. Choose δ > 0 such that

(7)
C√
ln 1

δ

< min
{ ε

3
, τ
(ε

3

)}
.
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Let x, y ∈ D with |x − y| < δ. Put z = x+y
2 . Then by Courant’s condition, there

exists a ρ ∈
[
δ,
√

δ
]

such that

(8) �ρ,n ≤ C√
ln 1

δ

, for all n ∈ N,

with �ρ,n the length of fn (Sρ), where Sρ is the arc of the circle centered at z of
radius ρ which is contained in D. Let U be the intersection of D with the closed
disk centered at z of radius ρ, and γ its boundary.

Suppose U ⊂ D. Then Sρ = γ and therefore � (fn (γ)) < ε
3 . So fn (γ) is

contained in a closed ball in Rκ of radius ε
3 . But fn is a saddle surface and in any

Rκ domain closed balls, of sufficiently small radius, are convex sets. Hence,

fn (U) ⊂ conv (fn (γ)) ⊂ ball of radius
ε

3
.

On the other hand, δ ≤ ρ ≤ √
δ, so |x−y|<δ yields x, y ∈ U. Thus, d (fn (x) , fn (y))

< ε, for all n ∈ N.
In the case when U is not a subset of D, then the boundary of U consists of two

curves: the arc Sρ and an arc, say γ1, of the unit circle. These two arcs intersect
at two points p, q of the unit circle. Let Pn = fn (p) and Qn = fn (q). Then Pn, Qn

are joined by the curve fn (Sρ) so by (7) and (8)

d (Pn, Qn) < τ( ε
3 ) for all n ∈ N.

The points Pn, Qn divide the boundary curve of fn into two arcs: fn (γ1) and
fn (γ2) , where γ2 is the complement of γ1 in the unit circle. By Lemma 19, the
diameter of one of them is less than ε

3 . Suppose that the diameter of fn (γ1) is less
than ε

3 . Then the diameter of fn (γ1)∪ fn (Sρ) is not greater than 2ε
3 so, since fn

is a saddle surface,

fn (U) ⊂ conv (fn (γ1) ∪ fn (Sρ)) ⊂ ball of radius
ε

3
.

Therefore, if |x − y| < δ, then x, y ∈ U and hence, d (fn (x) , fn (y)) < ε for all
n ∈ N. If the diameter of fn (γ2) is less than ε

3 , then instead of the parametrization
fn we consider the parametrization fn ◦ ϕn, where ϕn is a homeomorphism of D
which maps γ1 onto γ2 and the region U onto the region bounded by γ2 and Sρ.
The proof is complete. �

In spaces of constant curvature saddle surfaces satisfy the following isoperimetric
inequality.

Theorem 21. If a saddle surface in a compact subset K of Sn
κ is bounded by a

curve of length �, then its area S satisfies the inequality

knS − �2 ≤ 0,

where kn is a positive constant depending on n and the compact subset K.

Proof. The case κ = 0 is due to S.Z. Shefel′ ([20]). Let κ �= 0 and let f be
a saddle surface in Sn

κ . Consider a continuous geodesic mapping ϕ : Sn
κ → En.

Such a geodesic mapping is the inclusion mapping ϕ(x) = x from the Beltrami-
Klein model of H

n
κ to E

n, if κ < 0, and the central projection ϕ(x1, ..., xn+1) =
κ−1/2(x1/xn+1, ..., xn/xn+1), if κ > 0. The surface ϕ ◦ f is a Euclidean saddle
surface. It is not difficult to see that the restriction of ϕ : Sn

κ → En to a compact set
is a bi-Lipschitz mapping. This observation has two consequences; there are positive
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constants k1, k2 such that for any curve γ and any surface f in the compact subset
K we have k2�(γ) ≤ �(ϕ ◦ γ) ≤ k1�(γ) and k2

2S(f) ≤ S(ϕ ◦ f) ≤ k2
1S(f), where �

denotes length and S denotes the Lebesgue area. Therefore, since the Euclidean
saddle surface ϕ ◦ f satisfies an isoperimetric inequality, so does the surface f with
coefficients depending on the compact subset K. �

Theorem 21 enables us to strengthen Theorem 17 when Rκ is a compact subset
of Sn

κ.

Theorem 22. If the lengths of the Jordan bounding curves of a family of saddle
surfaces in a compact subset of Sn

κ are uniformly bounded, then the family being
considered is a relatively compact subset of the space of surfaces.

The above theorem can be restated as follows.

Theorem 23. In order that a family of saddle surfaces in Sn
κ be relatively compact

it is necessary and sufficient that the family of Jordan bounding curves of the given
surfaces be relatively compact.
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